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Diffusion dynamics, moments, and distribution of first-passage time on the protein-folding energy
landscape, with applications to single molecules
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We study the dynamics of protein folding via statistical energy-landscape theory. In particular, we concen-
trate on the local-connectivity case with the folding progress described by the fraction of native conformations.
We found that the first passage-tinfePT) distribution undergoes a dynamic transition at a temperature below
which the FPT distribution develops a power-law tail, a signature of the intermittent nonexponential kinetic
phenomena for the folding dynamics. Possible applications to single-molecule dynamics experiments are
discussed.
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The study of diffusion along a complex energy landscapavorks have focused on the average rate behal@®],
is a very important issue for many fields. In the field of whereas very few physical studies and discussions addressed
protein folding, the crucial question is how the many pos-on the whole distribution of the folding time. In this paper,
sible configurations of a polypeptide chain dynamically con-We concentrate on the statistics and distributions of the first
verge to a particular folded stafd]. Clearly, a statistical Passage imeFPT) for the folding dynamics. A dynamic

description is needed for a large number of configurationagansmon temperature is found above which the FPT distri-

) .pution is Poisson-like, and below which the distribution de-
states. According to the energy-landscape theory of prOte'()elops a power-law tail, where non-self-averaging behavior
folding [3-5], there exists a global bias of the energy land- :

: in kinetics emerges. The physical reasons for the power-law
scape towards the folded state due to natural evolution seleghavior is given in addition to the rigorous derivation. Fur-
tion. Superimposed on this is the fluctuation or roughness ofher discussions will be on the need for cooperative multi-
the energy landscape coming from competing interactions dfody interactions in order for the protein-folding driving
the amino-acid residues. The folding energy landscape is likéorce to be consistent with available experiments. In this
a funnel, and there are, in general, multiple routes towardstudy, we will briefly summarize the theoretical framework
the folded state. Discrete paths emerge only when the unde#nd results, concentrate on the discussion of the underlying
lying energy landscape becomes rough, and local trapghysms,_ and leave the rather lengthy and tedious mathemati-
(minima) start to appear. If the energy landscape is smoothc@l details to a long papge]. o

the average diffusion time is a good parameter to describErThe framework we adopt here was first introduced by

. . yngelson and Wolyng$]. The problem of folding dynam-
such dynamical processes. On the other hand, if the ENergys is characterized by random walks on a funnel-like energy

Igndscape is rou.gh, Fhere_ exi;t large fluctuations in the eNe3ndscape with roughness. In this model, the energy land-
gies, and the diffusion time is expected to fluctuate veryscape is generated by the random-energy mpi®| which
much around its mean. In this case one needs to know thgssumes that interactions among non-native states are ran-
full distribution of the diffusion time in characterizing the dom variables with given probability distributions. For this
folding process. model there aré\ residues in a polypeptide chain. For each
It is now possible to measure the reaction and foldingresidue there are+1 available conformational states, one
dynamics of individual moleculeim vitro [6]. On complex being the native state. A simplified version of the polypeptide
systems such as biomolecules, reactions in general do nehain energy is expressed as
obey exponential laws, and activation processes often do not
follow the simple Arrhenius relation. However, these phe- E=— e(a)—>, Jiis(e i) — D Kij(ei,a)),
nomena usually cannot be clarified by typical bulk measure- o
ments. The study of statistics for individual molecular reac-
tion events can probe these reaction processes with muahbhere the summation indicdésandj are labels for amino-
more subtlety 7]. The information on the diffusion-time dis- acid residues, and; is the state ofith residue. The three
tribution provides a way to help unravel the fundamentalterms represent the one-body potential, two-body interac-
mechanism of single molecule reactions. Previously manyions for nearest-neighbor residues in sequence, and interac-
tions for residues close in space but not in sequence, respec-
tively. In this random-energy model the energies for non-
* Author to whom correspondence should be addressed. native states and interactions are replaced by random
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variables with Gaussian distributions. Along with the as-second and third term in Eql). D(p,s) is the frequency-

sumption that energies for different configurations are uncordependent diffusion coefficien8]:

related, one can easily generate an energy landscape with

roughness tuned by the spreads of these probability distribu- R 1

tions. Using a microcanonical ensemble analysis, the average D(PYS)E( <ﬂ> (P)/ <RT5> (p)y 4

free energy and thermodynamic properties of the polypeptide R R

pha_in can be_ obyaine[do]. Note that the.polymer connectiv- where (p)=1/v+(1—1/v)p. The averagé)y is taken over

ity is embodied in the entropy calculations. _ P(R,p), the probability distribution function of transition
In this study, we use the fraction of native conformatlonsrateRfrom one state with order paramefeto its neighbor-

p as an order parameter to represent the folding Progresgg states, which may have order parameters equab to

The system is assumed to be in quasiequilibrium with respect 1IN, p, or p+L/N. The explicit expression d?(R, p) can

to p, and the states are kinetically locally connected. In thisya found in Ref[2]. The boundary conditions for EQ) are

way the dynamics evolves continuously wigh With this ot a5 g reflecting one at=0 and an absorbing one at

assumption we exclude from our current study the class of:pf_ The choice of an absorbing boundary conditiorpat

fast-folding proteins that do not have local connectivity and_ , ¢agilitates our calculation for the first passage-time dis-

can fold in discrete steps. The kinetic process is approXigiption. One can also rewrite E¢@) in its integral-equation

mated via the use of Metropolis dynamics. Therefore, th‘?epresentation by integrating it twice over

transition rate from one conformation state to a neighboring

state is determined by the energy difference of these two P o ~

states, and an overall constdy characterizes the time scale G(p,s)=— J dP’J dp"[sG(p",s) —ni(p")]

of residue interactions. Readers are referred to [Ret1] for P 0

detgile_;d derivations of the dynamic equatiqns. In brief, the exdU(p',s)—U(p,s)]

statistical energy landscape is first categorized by the order X . 5)
parametelp, along which an energy distribution function is D(p’,s)

derived via Eq.(1). With the use of Metropolis dynamics, . . .

one can obtain expressions for the waiting-time distribution N this work we mainly study the behavior of the FPT for
function and also the rate distributid?(R, p) for transitions the _orde_r parameter to reaph. This FP.T is analogous to the
between successiygs. Finally, using continuous-time ran- folding time in smgle-mole_cule experiments when the tem-
dom walks (CTRW), the following generalized Fokker- perature is bglovy the foIgilng transition. One can calculate
Planck equation in the Laplace-transformed space can be o€ FPT distribution functioiPeer(7) via

tained[3]: ds,

d
Pepr(m) = (1-2)=——, (6)

- a - ]
sG(p,s)—ni(p)= %( D(p.s) G(p,S)%U(p,S)

where 3 (7)=f¢'dp G(p,7). The nth moment of the FPT
distribution  function can be calculated via{7")

}' @ =nl(=1)"G'dp Gy os(p),  where  G(p,s)=Go(p)
+5G;(p) +5°G,(p) + - - - . By series expanding E¢5) with

whereU(p,s)=F(p)/T+log[D(p,s)/D(p,0)], and respect tos, we can solve foiG,(p) and therefore 7") it-
eratively by matching the coefficients gf. One can also

0~
+_
apG(p'S)

Ae? AL? ) solve forG(p,s) directly from Eq.(5), using a linear inver-

F(p)=N _<56_ f)p_(&_ﬁ p=+Tplogp sion technique. Observing th&p(s)=1—s3(s), where
1-p Prpi(s) and3(s) are the Laplace tra~nsforms Btp(7) and
+T(1—p)logT}. (3)  X(7), respectively, one can calculaBgp(s) and therefore

investigate the behavior & gp1( 7).

) _ ) From this model, the resulting energy landscape is funnel-
In Eq. (2) sis the Laplace transform variable over time jike with numerous configurations categorized by the degree
G(p,s) is the Laplace transform dB(p, ), the probability  of folding, and also with built-in roughness and a bias toward
density function. G(p,7)dp gives the probability for a the native state, both of which can be controlled using pa-
polypeptide chain to stay betwegnand p+dp at time 7. rametersAe, AL, de, andSL. These features render it pos-
n;(p) is the initial condition forG(p, 7). F(p) is the average sible to mimic the energy landscape qualitatively for a large
free energy for the polypeptide chaihis a scaled tempera- class of proteins. We start the numerical calculations by set-
ture, v+ 1 is the number of conformational states of eachting Ry=10°s"1, N=100, andv=10 to match the physical
residue, an®de and SL are energy differences between the scales. In this work we only study single-domain model pro-
native and average non-native states for one- and two-bodgins. For proteins of larger siz& ¢ 100) they tend to form
interactions, respectivelAe andAL are energy spreads of multiple domains where spatial variations need to be taken
one- and two-body non-native interactions. Note that theénto account. This is beyond the scope of the current mean-
two-body energiesL andAL include contributions from the field approximation. For simplicity we assuné&= 5L and

041905-2



DIFFUSION DYNAMICS, MOMENTS, AND . .. PHYSICAL REVIEW E67, 041905 (2003

10% - ' 0"
—— de/Ae=3.2
B N — 3e/Ae=3.6 . 10° ¢
- - Be/Ae=4.0 "
° .
§ —-— Se/Ae=4.4 “A 7
2 10"° | \X 10° ¢ g
% i K
: P g —— Be/Ae=3.2
NN e 8¢/Ae=3.6
o | 10° L ---- Be/Ae=4.0
—-— de/Ae=4.4
10'10 ' L 100 — I
05 1 15 2 05 ! 18 ?
T /T
FIG. 1. MFPT vs reduced inverse temperatligg T for various FIG. 2. (7%)/(r)* vs reduced inverse temperatdig/T for vari-
SelAe. ous el Ae.

Ae=AL. Therefore, the ratio of the energy gap between the ) o
native state and the average of non-native states over tf€cond moment also shows that the dynamics exhibits non-
spread of non-native stateSe/A e, becomes an appropriate self-aver_aglng behavior. This can be explalned by the f_a_ct
parameter, representing the importance of gap bias towardBat at high temperature the folding process is less sensitive
the folded state relative to the roughness of the landscapé® local traps, and the energy landscape is smoothed out. On
One can show that only the relative ratios amahg Ae, the other hand,'as.t_he tempergturg becomes'lowler, local traps
andT are the controlling parameters in this problem. We seftart to_ make 5|gr_1|f|cant c_ontr|but|ons, resulting in non-self-
the initial distribution of the polypeptide chain molecules to @Veraging behavior for different paths towards the folded
be n;(p)=8(p— p;), wherep; is set to be 0.05. In our cal- state. This non—self—gveragmg behav[or can be observed
culations we sep;=0.9. This means that 90% of the amino- through large fluctuations in the FPT distribution. _
acid residues are in their native states. From the study of higher moments, we fint")

The mean first passage tinIFPT) () for the folding _~n!<7-)” wh(_anT>T0. Th_|s indicates a Ffmssqn d|str|bu§|on
process versus a scaled inverse temperaly/@ is plotted N the FPT distribution with an exponential t_a|l at large time.
in Fig. 1 for various settings of the paramet#/Ae. We O the other hand, when the temperature is well befw
have an inverted bell-like curve for each fixéed/Ae, and ~ We find a stretch-exponential form iRgp(s) over several
the MFPT reaches its minimum at a temperafligeAt high ~ orders of magnitude by solving E¢5) directly. This indi-
temperatures, the MFPT is large although the diffusion procates that at low temperatuR-p1(7) can be approximated
cess itself is fasfi.e., D(p,s) is largd. This long-time fold- by a Levy distribution, which hasPrpr(7)~7 ") for
ing behavior is due to the instability of the folded state. Thelarger. In Fig. 3 we plot the exponent versusT, /T for the
MFPT is also large at low temperature, which indicates thatase oe/Ae=4.0. We find thata is decreasing when the
the polypeptide chain is trapped in low-energy non-nativelemperature is lowered. On the other handT gets closer to
states. This is in agreement with simulation studi&gs

By comparing the MFPT minimum for variou8e/Ace, 0.7 : : : :
one finds that this minimum becomes smaller when the ratio
of the energy gap versus roughness increases. This can be
easily understood. As the bias towards the native state in- 0.6
creases, it is easier to overcome the local traps to reach the
folded state. On the other hand, if the barrier for local traps is
shallower, then the folding process towards the native state
will be faster. This suggests that a possible kinetic criterion
for selecting the subset of the whole sequence space leading
to well-designed fast folding protein is to maximide/Ae.
In other words, one has to choose the sequence subspace 0.4
such that the global bias overwhelms the roughness of the
energy landscapet,9,14.

We also calculate higher-order moments for the FPT dis- 03
tribution. In Fig. 2 we show the behavior of the reduced
second moment,72)/{ 7)2. We find that the reduced second
moment starts diverging at a temperature around and below FIG. 3. The exponent vs To/T in the casede/ Ae=4.0 when
Ty, where the MFPT is at its minimum. This is an indication T<T,. Below T, the FPT distribution starts to develop a power-
of a long tail in the FPT distribution. The divergence of the law tail Pgp(7)~7~ (") at larger.

1.2 14 1.6 1.8 2
T,/T
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To, the power-law feature starts to break down &g+(7) This implies the necessity of the cooperative nature for the
gradually resumes exponential behavior. The power-law pefolding driving force. More details on this will be discussed
havior seen here can be understdad] by noticing that as " @ future publication. . . .

the temperature is close to that of a partially frozen energ In single-molecule folding experiments, it is now pQSSIbIe
state, we can expand the energy around this partially froze measure not only the mean but also the fluctuation and

. . ; oments as well as the distribution of folding tinh&5].
energy. Smge _the _den.sny of states in terms Of. energy h_as Ender different experimental and sequence conditions, one
Gaussian distribution in our study, the expansion is equiva

; o ) : can observe different behavior for the folding time and its
lent to the linearization on the exponentials of density Ofdistributions. A well-designed fast folding sequence with

states. In other words, the density of states approaches @jiiaple experimental condition exhibits self-averaging and
exponential distribution exf{(Tc), whereT, is the partially  gimple rate behavior. Multiple routes are parallel and lead to
frozen temperature close TQ,. Since the transition state for folding. A less well-designed sequencwith larger Ae¢)
folding is exponentially related to the energy barrier, folds slowly and often exhibit non-self-averaging nonexpo-
exp(—E/T), this results in a power-law distribution in the nential rate behavior, indicating the existence of intermediate
transition rate as well as the folding time(7)  states or local traps. In this case, the folding process is sen-
~1/ATTI*1  As we can seea~T/T, giving a physical sitive to which kinetic path it takes, since a slight change in
reason to the explanation of the numerical results obtained folding pathway may cause large fluctuation in the folding
above. As the temperature is lowereddecreases and there- time, which indicates intermittency. From the single-
fore the power-law tail is even fatter. molecule experiments the fundamental mechanisms and in-
From the results above, we find that for a fixed-energytrinsic features of the folding process may be unravelled. In
landscape, there exists a dynamic transition temperdgire typical bulk-molecule measurements, it is often hard to ob-
When the temperature is aboTg, the FPT distribution is Serve and analyze intermittent phenomena, because the dy-
Poisson, indicating exponential kinetics, and in random-walk'@mics is averaged over numerous molecules. And further-
language we have normal diffusion on the energy Iandscapé‘.qor.e’ one cannot tell if 'the- bulk phenomena are elt'her from
Below Ty, the variance and higher moments diverge, and th%heen;n;[:gsgléfsggiig ;ﬂg'ﬁ%?:é&?eoslecu'es or the inhomo-
EE; gig;rslb;tgr?oi?;\gjsa d%%vggnla.lv_vhgﬁi%¥cgfehsamgrbfgch£ Itis worth mentioning that a!thOL_Jgh we focus on the study
: . o . df the protein-folding problem in this paper, the approach we
is non-self-averaging and distinct folding pathways emerge,

t vari i los. A . h \culat e here is very general for treating problems with barrier
at various time scales. AS a comparison, we have calculal€lossings on a complex energy landscape. In fact, several

the folding-transition temperaturd; by identifying the  oxheriments on glasses, spin glasses, viscous liquids, and
crossing point of folding and unfolding rate versus temperaconformational dynamics already show the existence of non-
ture. We found thaT’; is close to and slightly higher thal,  exponential distributions at low temperature. In particular, a
for various settings obe/Ae. This indicates that the equi- recent experiment on single-molecule enzymatic dynamics
librium and dynamic properties in proteins are strongly cor-{16] shows explicitly the Ley-like distribution for the on-
related. Recent simulation and experimental requli5s13  time relaxation of the underlying complex protein energy
also indicate thal is close to and slightly smaller thar . landscape. The essence of this model lies in building an en-
But the turnaround nedf, has been shown to be smoother ergy landscape with a probabilistic approach, which is often
than that observed in our current work. This is partly due toapplicable for complex, disordered systems. To improve the
the insufficiency of cooperative interactions in our studymodel, it is necessary to gain better knowledge for the sta-
[12]. Since the dominant driving force towards folded pro-tistical distributions on the energy landscape. Finally, an in-
teins is believed to be the hydrophobic force, which has deresting study on anomalous diffusion has been made re-
cooperative multibody-interaction nature, one has to includ€ently, using a fractional Fokker-Planck equatidfFPB

the multibody interactions in order to improve the currentl1?] to describe dynamic processes characterized by the

model. When we included the three-body as well as the twokévy distributions. Our results show that the approach we
body interactions, we found tha, is still close to but use here can serve as a microscopic basis for the use of such

slightly smaller than the folding temperature. Furthermore,a FFPE.

the sharp turnover behavior ned@p in the MFPT versus The authors thank X. S. Xie for useful discussions. C.-L.
temperature is smoothed out. Instead of the sharp V shape iree and G. Stell gratefully acknowledge the support of the
the absence of the multibody interactiofthree-body or Division of Chemical Sciences, Office of Basic Energy Sci-
highen, the MFPT has a smoother U shape versus temperances, and Office of Energy Research, U.S. Department of
ture aroundr in the presence of the multibody for¢ree. Energy.
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